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Web Appendix A: Dilution submodels. We presented four dilution submodels

h(k, cj, λ) = prλ

(
Zj = 1

∣∣∣∣ cj∑
i=1

Ỹij = k

)

in Sections 2.2 and 6.2 in the manuscript. In the first three submodels, the notation τ(k, cj) =
(k − cj)/cj. The fourth submodel is from Hung and Swallow (1999).

Logistic submodel:

h(k, cj, λ) =
exp{λ τ(k, cj)}

(1/Se) + exp{λ τ(k, cj)} − 1

Probit submodel:
h(k, cj, λ) = Φ{Φ−1(Se) + λτ(k, cj)}

Complementary log-log submodel:

h(k, cj, λ) = 1− exp(−exp[ln{−ln(1− Se)}+ λτ(k, cj)])

Hung and Swallow (1999) submodel:

h(k, cj, λ) =
Sek

k + λ(cj − k)

Each of these submodels satisfies conditions (i) and (ii) stated in Section 2.2 of the manuscript.

Table 1 in the manuscript provides values of the logistic dilution submodel for different values
of λ when Se = 0.99 and the master pool size cj ∈ {5, 10}. On the next page, we show
this same table for the probit, complementary log-log, and Hung and Swallow (1999) dilution
submodels. Each table assumes Se = 0.99 (as in Table 1 in the manuscript). Larger values of
λ correspond to more dilution.
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Table A.1: Probit dilution submodel.

λ k = 1 2 3 4 5 6 7 8 9 10

cj = 5
1.0 0.94 0.96 0.97 0.98 0.99
1.7 0.83 0.90 0.95 0.98 0.99
2.4 0.66 0.81 0.91 0.97 0.99

cj = 10
1.0 0.92 0.94 0.95 0.96 0.97 0.97 0.98 0.98 0.99 0.99
1.7 0.79 0.83 0.87 0.90 0.93 0.95 0.97 0.98 0.98 0.99
2.4 0.57 0.66 0.74 0.81 0.87 0.91 0.95 0.97 0.98 0.99

Table A.2: Complementary log-log dilution submodel.

λ k = 1 2 3 4 5 6 7 8 9 10

cj = 5
0.8 0.91 0.94 0.96 0.98 0.99
1.2 0.83 0.89 0.94 0.97 0.99
1.6 0.72 0.83 0.91 0.96 0.99

cj = 10
0.8 0.89 0.91 0.93 0.94 0.95 0.96 0.97 0.98 0.99 0.99
1.2 0.79 0.83 0.86 0.89 0.92 0.94 0.96 0.97 0.98 0.99
1.6 0.66 0.72 0.78 0.83 0.87 0.91 0.94 0.96 0.98 0.99

Table A.3: Hung and Swallow (1999) dilution submodel.

λ k = 1 2 3 4 5 6 7 8 9 10

cj = 5
0.03 0.88 0.95 0.97 0.98 0.99
0.07 0.77 0.90 0.95 0.97 0.99
0.11 0.69 0.85 0.92 0.96 0.99

cj = 10
0.03 0.78 0.88 0.93 0.95 0.96 0.97 0.98 0.98 0.99 0.99
0.07 0.61 0.77 0.85 0.90 0.93 0.95 0.96 0.97 0.98 0.99
0.11 0.50 0.69 0.79 0.85 0.89 0.92 0.95 0.96 0.98 0.99
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Web Appendix B: E-step expressions in Section 3.2. We provide closed-form expressions
for E(Ijk|DD,θ) and E(Ỹij|DD,θ), which are used in the EM algorithm described in Section
3.2. We also provide a simulation-based technique to approximate these expectations, which
is less time-consuming when the master pool sizes are large; e.g., cj ≥ 20.

Closed-form expressions: The conditional expectation of Ijk = I(
∑cj

i=1 Ỹij = k) is given
by E(Ijk|DD,θ) = µjk/

∑cj
s=0 µjs, where

µjs =
∑

Ỹij :Ijs=1

q(s, cj, λ)

cj∏
i=1

p
Ỹij
ij (1− pij)1−Ỹij

{(
SỸije S

1−Ỹij
p

)Yij (
S
Ỹij
e S1−Ỹij

p

)1−Yij
}Zj

,

for s = 0, 1, 2, ..., cj. In the expression above and henceforth, Se = 1− Se, Sp = 1− Sp, and

q(k, cj, λ) =

{
S
Zj

p Sp
1−Zj , k = 0

h(k, cj, λ)Zj{1− h(k, cj, λ)}1−Zj , k > 0.

The conditional expectation of Ỹij is E(Ỹij|DD,θ) = pij(S
Yij
e S

1−Yij
e )Zjµ∗ij/

∑cj
s=0 µjs, where µjs

is given above and

µ∗ij =
∑
Ỹ(i)j

q(W(−i)j + 1, cj, λ)
∏
i′ 6=i

p
Ỹij
ij (1− pij)1−Ỹij

{(
SỸije S

1−Ỹij
p

)Yij (
S
Ỹij
e S1−Ỹij

p

)1−Yij
}Zj

,

where Ỹ(i)j = (Ỹ1j, ..., Ỹi−1,j, Ỹi+1,j, ..., Ỹcjj)
′ is the collection of the true statuses of those

individuals in the jth pool except the ith one and W(−i)j =
∑

i′ 6=i Ỹi′j.

Approximations: Calculating E(Ijk|DD,θ) and E(Ỹij|DD,θ) can be too computationally
intense when the master pool sizes are large. To avoid this problem, one can use a Gibbs
sampler to approximate the expectations. In particular, one can sample the individuals’
latent statuses from the full conditional distribution Ỹij|Ỹ(i)j,DD,θ ∼ Bernoulli(ζij), where

Ỹ(i)j is defined above, ζij = ζ
(1)
ij /(ζ

(1)
ij + ζ

(0)
ij ), and

ζ
(1)
ij = pijq(W(−i)j + 1, cj, λ)(SYije S

1−Yij
e )Zj

ζ
(0)
ij = (1− pij)q(W(−i)j, cj, λ)(S1−Yij

p S
Yij
p )1−Zj .

Here is a summary of the Gibbs sampling procedure:

1. Initialize Ỹ(0), specify the number of Gibbs iterates G, and set g = 1.

2. Sample Ỹ
(g)
ij |Ỹ

(g−1)
(i)j ,DD,θ ∼ Bernoulli(ζij), for i = 1, 2, ..., cj and j = 1, 2, ..., J , where

Ỹ
(g−1)
(i)j = (Ỹ

(g)
1j , ..., Ỹ

(g)
i−1,j, Ỹ

(g−1)
i+1,j , ..., Ỹ

(g−1)
cjj

)′.

3. Set Ỹ(g) = (Ỹ
(g)
1 , Ỹ

(g)
2 , ..., Ỹ

(g)
J )′, where Ỹ

(g)
j = (Ỹ

(g)
1j , Ỹ

(g)
2j , ..., Ỹ

(g)
cjj

)′ for j = 1, 2, ..., J .
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4. Repeat Steps 2 and 3 until g = G.

Using these samples, one can approximate E(Ijk|DD,θ) by G−1
∑G

g=1 I(
∑cj

i=1 Ỹ
(g)
ij = k) and

E(Ỹij|DD,θ) by G−1
∑G

g=1 Ỹ
(g)
ij . A sufficient number of burn-in draws should be used before

retaining samples to make the approximations.

Web Appendix C: Covariance matrix estimation for Dorfman testing. The observed infor-
mation matrix in Section 3.2 (for Dorfman testing) is given by

I(θ) = −∂
2Q(θ,θ)

∂θ∂θ′
− cov

{
∂lC(θ|DD, Ỹ)

∂θ

∣∣∣∣DD,θ
}
. (C.1)

We provide details on how to estimate I(θ)−1 for logistic regression; i.e., logit{pr(Ỹij = 1|xij) =
x′ijβ}, using the logistic dilution submodel h(k, cj, λ) in Section 2.2. Derivations for other
dilution submodels follow similarly and are available from the first author. The components
required to compute the first term on the right-hand side of (C.1) are

∂2Q(θ,θ)

∂β∂β′
= −

J∑
j=1

cj∑
i=1

pij(1− pij)xijx′ij

∂2Q(θ,θ)

∂λ2
= −

J∑
j=1

cj∑
k=1

E(Ijk|DD,θ)h(k, cj, λ) {1− h(k, cj, λ)} τ(k, cj)
2

and ∂2Q(θ,θ)/∂β∂λ = 0, where recall τ(k, cj) = (k − cj)/cj and calculating E(Ijk|DD,θ) is
described in Web Appendix B. Calculating the second term on the right-hand side of (C.1) is
more complex. Note that

l̇C(θ) ≡ ∂lC(θ|DD, Ỹ)

∂θ
=


J∑
j=1

cj∑
i=1

(Ỹij − pij)xij

J∑
j=1

cj∑
k=1

{Zj − h(k, cj, λ)}Ijkτ(k, cj)

 .

Calculating the covariance matrix of this quantity is extremely difficult analytically, so we
suggest approximating it (at the point of convergence of the MLE) using the Gibbs sampler

described in Web Appendix B. Specifically, after setting θ = θ̂, draw Ỹ
(g)
ij , for i = 1, 2, .., cj,

j = 1, 2, ..., J , and g = 1, 2, ..., G. From this sample, calculate

l̇
(g)
C (θ) =


J∑
j=1

cj∑
i=1

(Ỹ
(g)
ij − pij)xij

J∑
j=1

cj∑
k=1

{Zj − h(k, cj, λ)}I(g)jk τ(k, cj)


for g = 1, 2, ..., G, where I

(g)
jk = I(

∑cj
i=1 Ỹ

(g)
ij = k). The second term on the right-hand side

of (C.1), at the point of convergence of the MLE, can be approximated by using C(θ̂), the
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sample covariance matrix of l̇
(1)
C (θ), l̇

(2)
C (θ), ..., l̇

(G)
C (θ), evaluated at θ = θ̂. Finally, one can

estimate I(θ) using I(θ̂) = −∂2Q(θ, θ̂)/∂θ∂θ′−C(θ̂) and I(θ)−1 using I(θ̂)−1. Recall that in
Section 5 of the manuscript, we observed very strong agreement between the sample standard
deviation of the maximum likelihood estimates and the averaged standard error, suggesting
that this approach to estimate I(θ)−1 is accurate in large samples.

Web Appendix D: Additional simulation results from Section 5. The following results
assume the population regression model stated in Section 5 in the manuscript.

• Page 6. Table D.1: Simulation results for master pool testing (MPT). This is the
companion table to Table 2 in the manuscript. The number of individuals is N = 5000.

• Page 7. Table D.2: Simulation results for master pool testing (MPT). This is the same
table as Table D.1, except the number of individuals is N = 20000.

• Page 8. Table D.3: Simulation results for Dorfman testing (DT) with variable master
pool sizes. True dilution submodel: Logistic. Assumed dilution submodel: Logistic; i.e.,
the dilution submodel is correctly specified.

• Page 9. Table D.4: Simulation results for Dorfman testing (DT) with variable mas-
ter pool sizes. True dilution submodel: Hung and Swallow (1999). Assumed dilution
submodel: Hung and Swallow (1999); i.e., the dilution submodel is correctly specified.

• Page 10. Table D.5: Simulation results for Dorfman testing (DT) with variable master
pool sizes. True dilution submodel: Logistic. Assumed dilution submodel: Hung and
Swallow (1999); i.e., the dilution submodel is misspecified.

• Page 11. Table D.6: Simulation results for Dorfman testing (DT) with variable mas-
ter pool sizes. True dilution submodel: Hung and Swallow (1999). Assumed dilution
submodel: Logistic; i.e., the dilution submodel is misspecified.

• Page 12. Table D.7: Summary of dilution parameter estimates. This table provides
summaries of the dilution parameter estimates λ̂ from the simulations in Table 2 and
Table D.3.

• Page 13. Table D.8: LRT for dilution when the submodel is misspecified. This ta-
ble shows that our LRT (from Section 4) attains the nominal size under each dilution
submodel h(k, cj, λ) and has desirable power properties even when the submodel is mis-
specified.

• Pages 14-15. Figures D.1-D.2: ECDF of B = 500 simulated values of the LRT statistic
TLR under Dorfman testing (DT) when λ = 0 (no dilution). The ECDF is compared to
the CDF of the 1

2
χ2
0 + 1

2
χ2
1 mixture. Figure D.1: cj = 5. Figure D.2: cj = 10.

• Pages 16-17. Figures D.3-D.4: ECDF of B = 500 simulated values of the LRT statistic
TLR under Dorfman testing (DT) when λ > 0 (dilution). The LRT statistic is calculated
under both correct and incorrect dilution submodel assumptions. Figure D.3: cj = 5.
Figure D.4: cj = 10.
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Figure D.1: Empirical CDF (ECDF) of B = 500 simulated values of the LRT statistic TLR
under Dorfman testing (DT) when λ = 0; i.e., H0 : λ = 0 is true. The ECDF is shown in blue.
The CDF of the 1

2
χ2
0 + 1

2
χ2
1 mixture is shown dashed in black. Top: Hung and Swallow (1999)

dilution submodel. Bottom: Logistic dilution submodel. Left: Random pooling. Right:
Homogeneous pooling. For each of the B = 500 data sets, the number of individuals is
N = 5000 and the master pool size is cj = 5.
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Figure D.2: Empirical CDF (ECDF) of B = 500 simulated values of the LRT statistic TLR
under Dorfman testing (DT) when λ = 0; i.e., H0 : λ = 0 is true. The ECDF is shown in blue.
The CDF of the 1

2
χ2
0 + 1

2
χ2
1 mixture is shown dashed in black. Top: Hung and Swallow (1999)

dilution submodel. Bottom: Logistic dilution submodel. Left: Random pooling. Right:
Homogeneous pooling. For each of the B = 500 data sets, the number of individuals is
N = 5000 and the master pool size is cj = 10.
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Figure D.3: Empirical CDF (ECDF) of B = 500 simulated values of the LRT statistic TLR
under Dorfman testing (DT) when λ > 0; i.e., H0 : λ = 0 is not true. The Hung and Swallow
(1999) dilution submodel is the true submodel. Results for Hung and Swallow (1999) are
shown dashed in black; results under the misspecified logistic submodel are shown in blue.
Top: λ = 0.03. Middle: λ = 0.07. Bottom: λ = 0.11. Left: Random pooling. Right:
Homogeneous pooling. For each of the B = 500 data sets, the number of individuals is
N = 5000 and the master pool size is cj = 5.
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Figure D.4: Empirical CDF (ECDF) of B = 500 simulated values of the LRT statistic TLR
under Dorfman testing (DT) when λ > 0; i.e., H0 : λ = 0 is not true. The Hung and Swallow
(1999) dilution submodel is the true submodel. Results for Hung and Swallow (1999) are
shown dashed in black; results under the misspecified logistic submodel are shown in blue.
Top: λ = 0.03. Middle: λ = 0.07. Bottom: λ = 0.11. Left: Random pooling. Right:
Homogeneous pooling. For each of the B = 500 data sets, the number of individuals is
N = 5000 and the master pool size is cj = 10.
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